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Abstract
In this paper a higher order non–linear differential equation is given and it becomes a
higher order Airy equation (in our terminology) under the Cole–Hopf transformation.
For the even case a solution is explicitly constructed, which is a generalization of the
Airy function.
We start with an example to state our motivation. For the simple non–linear equation of
Riccati type
y′ + y2 = x (1)
with a smooth function y = y(x), we apply the Cole–Hopf transformation
y =
d
dx
log u =
u′
u
(u = u(x)) (2)
to (1). Then we obtain the famous Airy equation [1]
u′′ = xu. (3)
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This equation plays an important role in both Quantum Optics and Mathematical Physics,
so many studies have been made. See for example [2].
This has two well–known solutions called the Airy function Ai(x) and the Airy function of
the second kind Bi(x). For the details see [3]. In particular, Ai(x) is written in terms of an
improper integral
u(x) =
1
pi
∫ ∞
0
cos
(
t3
3
+ xt
)
dt. (4)
Therefore, a solution of (1) is given by
y =
− ∫∞
0
t sin
(
t3
3
+ xt
)
dt∫∞
0
cos
(
t3
3
+ xt
)
dt
.
The formula (4) is very suggestive and will be generalized in the following.
Next, we would like to generalize the Airy equation (3). One of candidates is
u(n) ≡ d
n
dxn
u = xu for n ≥ 2 (5)
and we adopt this in the paper.
In the following we call this equation a higher order Airy equation. Then our question is as
follows : What is a non–linear equation like (1) corresponding to the higher order Airy equation
(5) ?
After some consideration we reach the following equation. For a given smooth function y
we set a sequence of functions {fn}n≥1 with
fn ≡ fn(y, y′, y′′, · · · , y(n−1))
recurrently like
fn+1 =
(
d
dx
+ y
)
fn and f1 = y. (6)
This fn is also written in a compact form
fn =
(
d
dx
+ y
)n−1
y. (7)
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A few examples are
f2 = y
′ + y2,
f3 = y
′′ + 3yy′ + y3,
f4 = y
3 + 4yy′′ + 3y′
2
+ 6y2y′ + y4.
Therefore our higher order non–linear differential equation is defined by
fn(y, y
′, y′′, · · · , y(n−1)) = x (8)
for n ≥ 2. For example,
y′ + y2 = x,
y′′ + 3yy′ + y3 = x,
y3 + 4yy′′ + 3y′
2
+ 6y2y′ + y4 = x.
Here we state one of the results.
Result I Under the Cole–Hopf transformation (2) (y = u′/u) we have
fn(y, y
′, y′′, · · · , y(n−1)) = u
(n)
u
. (9)
The proof is easy and due to the mathematical induction. We assume
fn(y, y
′, y′′, · · · , y(n−1)) = u
(n)
u
and operate d/dx+ y to the both sides. Then
fn+1 =
(
d
dx
+ y
)
fn =
(
d
dx
+
u′
u
)
u(n)
u
=
u(n+1)
u
.
A comment is in order. We would like to call the transformation
y =
u(n)
u
for n ≥ 2
a higher order Cole–Hopf transformation.
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Therefore our equation (8) becomes the higher order Airy equation
u(n) = xu
in (5).
Next, let us construct some solution like (4) to the equation (5).
Result II We set m ≥ 1.
(a) For n = 4m− 2 a solution is given by
u(x) =
1
pi
∫ ∞
0
cos
(
t4m−1
4m− 1 + xt
)
dt. (10)
(b) For n = 4m a solution is given by
u(x) =
1
pi
∫ ∞
0
cos
(
t4m+1
4m+ 1
− xt
)
dt. (11)
The proof is standard. For example, (11) is proved as follows.
u(4m) =
1
pi
∫ ∞
0
t4m cos
(
t4m+1
4m+ 1
− xt
)
dt
=
1
pi
∫ ∞
0
(t4m − x+ x) cos
(
t4m+1
4m+ 1
− xt
)
dt
=
1
pi
∫ ∞
0
(t4m − x) cos
(
t4m+1
4m+ 1
− xt
)
dt+ xu
=
1
pi
∫ ∞
0
d
dt
sin
(
t4m+1
4m+ 1
− xt
)
dt+ xu
= xu.
A comment is in order. For n = 2m+1 we could not construct a solution like (10) or (11),
so the construction is left to readers.
Finally, we compute initial values of the solution (10) and (11). For simplicity we set
v±(x) =
1
pi
∫ ∞
0
cos
(
tn+1
n+ 1
± xt
)
dt (12)
and compute v
(k)
± (0) for 0 ≤ k ≤ n− 1. Since
v
(k)
± (x) = (±)k
1
pi
∫ ∞
0
tk cos
(
tn+1
n+ 1
± xt+ kpi
2
)
dt
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and
v
(k)
± (0) = (±)k
1
pi
∫ ∞
0
tk cos
(
tn+1
n+ 1
+
kpi
2
)
dt
the change of variables s = tn+1/(n+ 1)⇔ t = (n + 1) 1n+1 s 1n+1 gives
∫ ∞
0
tk cos
(
tn+1
n + 1
+
kpi
2
)
dt = (n+ 1)
k+1
n+1
−1
∫ ∞
0
s
k+1
n+1
−1 cos
(
s +
kpi
2
)
ds.
By the Mellin transformation we have
∫ ∞
0
tk cos
(
tn+1
n + 1
+
kpi
2
)
dt = (n + 1)
k+1
n+1
−1Γ
(
k + 1
n+ 1
)
cos
(
k + 1
2(n+ 1)
pi +
kpi
2
)
.
As a result
v
(k)
± (0) = (±)k
1
pi
(n + 1)
k+1
n+1
−1Γ
(
k + 1
n+ 1
)
cos
(
k + 1
2(n+ 1)
pi +
kpi
2
)
. (13)
Moreover, let us change to the usual form. By the well–known formula
Γ(p)Γ(1− p) = pi
sin(ppi)
(0 < p < 1)
(see for example [4]) we finally obtain
Result III
v
(k)
± (0) =
(±)k
(n+ 1)
n−k
n+1Γ
(
n−k
n+1
) cos
(
k+1
2(n+1)
pi + kpi
2
)
sin
(
k+1
n+1
pi
) (14)
for 0 ≤ k ≤ n− 1.
For example, for n = 2 and k = 0, 1
v+(0) =
1
3
2
3Γ(2
3
)
, v+
′(0) = − 1
3
1
3Γ(1
3
)
.
Since initial values of the solution has been determined we determine the asymptotic be-
haviours.
Result IV We set m ≥ 1.
(I) For x≫ 0
u(x) ∼ e
− 2m
2m+1
x
2m+1
2m
√
pi
√
4mx
2m−1
4m
, (15)
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(II) For x≪ 0
u(x) ∼ 1√
pi
√
m (−x) 2m−14m
m−1∑
k=0
eα cos(
1+2k
2m
pi) sin
(
α sin
(
1 + 2k
2m
pi
)
+
1 + 2k
4m
pi
)
(16)
where α = 2m
2m+1
(−x) 2m+12m .
The proof is left to readers.
In this paper we gave the higher order non–linear differential equation, which is a generaliza-
tion of the equation of Riccati type and showed that it became the higher order Airy equation
under the Cole–Hopf transformation.
We constructed some solution for the even case and also calculated initial values and asymp-
totic behaviours of the solution.
Our work may be more or less known. However, the author could not find such a reference.
The work is only in the first stage and there are many tasks left to readers. See and study
[3] in more detail from the view point of the paper.
We believe that our generalization is natural. However, it is not clear at the present time
whether it is useful or not in Mathematical Physics or Quantum Optics. This is our future
task.
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